FUNCTIONAL ANALYSIS AND DISTRIBUTION THEORY: FROM QUANTUM
MECHANIC TO MACHINE LEARNING

LEANNE DONG

CONTENTS

[1. Representation theorems|

D Weak dorivali

[5. Distribution theory|

31, The space D of test functiong
[3.2. The space of 9’ of Distributions
15.5.  Calculus on Distributions|

[5.4.  Applications|

SN WNWNN N~~~

1. REPRESENTATION THEOREMS

We will be using the notion of “linear functionals” throughout. These are simply linear mapping
of from a vector space to the real numbers. More precisely, Let X be a vector space. A linear
functional on X is a linear mapping

AX—-=R

If Alxp) — Ax) whenever x, — x we say that A is a continuous linear functional on X.

Example 1. Integration is a linear functional. To see this, Let X = C([a, b]). Then A(f) = fab flx)ds
is a linear functional on X

Theorem 1.1. Let F be a bounded linear functional on H. Then there exists an unique element
xo € H such that for all x € H, F(x) = (x, xo), and in fact ||F|| = ||xo]|.

2. WEAK DERIVATIVES

The notion of weak or distributional derivatives forms the basis of PDE theory. In essence,
the theory allows one to ignore some of the more “problematic points” from classical differential
calculus. For instance, take the function f : [0,2] — R defined by

_|x, ifxe[01]
f(x)'"{L it v e[1,2]

This has the problem of “cusp” where we fail to define a tangent line. However, if we were able
to “ignore” the point at 0, then we might want to say that in some sense

L1 itreo
fia):= {O, it v e[1,2]

This is how the weak derivative comes into play.
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Let build upon our intuition into this subject. Let us start with the 1D case. Let u, v:[0,1] - R
be two differential function. Let v(0), v(1). Then, integration by parts tell us that

1 1
/ u(x)v'(x)dx = —/ u'(x)v(x)dx
0 0

since the boundary term of u(x)v(x) disappears. Even if u is not differentiable we might be able
to make sense of the above formula.

R is the

Definition 2.1. Let u: [0,1] — R be any real-valued function. We say that w : [0,1] —
= v(1) =0, one

weak derivative of u if for every differentiable function v : [0,1] — R with v(0)
has that

1 1
/ u(x)v'(x)dx = —/ w(x)v(x)dx
0 0

To define the n-dimensional weak derivative, we need to do more work.

Suppose €2 is an open and connected region in R". That is, for ¢ € C;°(<2), the support of
¢ defined by spt(p) := {x € Q: ¢(x) £ 0} is compact in Q. We will refer the space as our “test
function” space, denoted as PD(R) which as discussed earlier.

Let a = {ay,--- ,an} € Z", be multi-index. Then, for any ¢ € C®(R"), one defines the
differential operator D% by

o g
pr.— 2 ... 2
oxyt  Oxp"

We are now can define the multidimensional weak derivative.

Definition 2.2. Suppose u : 2 — R is given. Then, we say that v: Q2 — R is the a—weak derivative
of u for some multi-index «, if for each ¢ € C{°(2), the following integration by part formula
holds:

/u(r)D“V(r)dr = (—1)]“1/ v(x)p(x)dx
Q Q

where |a| = |aq] + -+ + |ag|

3. DISTRIBUTION THEORY

The theory of Generalized functions was discovered by Laurent Schwartz in the attempt of
seeking convolution operators on the space of test functions, as continuous linear functionals
on space C;°(€2). This free differential calculus from certain difficulties due to the existence of
nondifferentiable functions. This is accomplished by extending nondifferentiable functions to a
class objects (called distributions or generalised functions) which is much larger than the class
of differentiable functions to which usual calculus applies.

3.1. The space 9 of test functions. Distributions are operators map from a certain space of
functions to the field of real or complex numbers. To this end, several function spaces can be
defined. Here we start with the space of test functions 9(2). Let Q c R™.

Definition 3.1. Let D(Q) = C{°(2) be the class of all infinitely differentiable functions with
compact support in Q: spteo C Q2. The element of D(Q) are called test functions.
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3.2. The space of 9 of Distributions. Let 9(Q2) be the space of functions on R taking real
values are infinitely differentiable and are 0 outside a bounded set (notation: C;°(<2)). One can
put seminorm on D(Q).

lolly = Slép{lDacp(I)l rx € Q laf <N} (3.1)

A (Schwartz) distribution T : D(Q) — R (or T : D(Q) — C) is a continuous linear functional and
there exists ¢ > 0, n > 0, N > 1 so that for all ¢ € D(Q)

[T(p)] < cllo|n (32)

Example 2 (Dirac Distribution T = 6). Let ¢ be a test function in R". Each x € Q determines a
linear functional 6, on D(Q) by the formula

61 (d)) = (b(r)
The functional 6 : () — C is given by
Slp) = 9(0) ¢ € D) (3.3)

is linear on ¢.
It is straightforward to check that the dirac delta function is linear, that is,

(6, aqr + bgg) = ap(0) + be(0) = a(s, @) + b(S, ¢) (3.4)
Moreover,
16(g)] < ‘51‘1<p1 lp(x)| = ||| (35)

One might also think of distribution as coming from integration against a measure (By the
famous Riesz representation theorem). The standard notation for the Dirac measure 6,

Theorem 3.2 (L. Schwartz). There is a topology on D(Q2) which makes it into a locally convex
topological vector space, and such that 9'(Q2) is precisely the set of continuous linear functionals
on D(Q). D is complete in this topology but not metrizable.

3.3. Calculus on Distributions. We have so far presented some examples of distributions. One
of the convenient features of distributions is that we can do calculus with them.

Functions and measures as distributions.

Example 3. Let LfOC be the space of all measurable function on 2 so that for any compact subset
K C Q [ |f(t)dt < co. Define

M@=wamm, 9 € D) (36)
Since
| Tt (¢p)

|
[vmuwmm
K

([11) ol o=

Equation shows that Ty € 9Y(Q).
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Example 4. Now let LP(R), p > 1 be the space of Lebesgue measurable function f on Q so that
Jg If(t)[Pdt < oo. If f € LP(Q)
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Proof.

o= ([ If(t)lpdf>1/p

The mapping f — ||f|, defines a norm on LP(Q2) and this space is complete, it is a Banach space.
Further as

LP(R) € Lie(<)
for each p > 1, Ty is a well defined element of 9'(R). In fact, if f € LP(R) and p > 1

[ et
S </K|f(t)lp>1/l) </K 1q>1/q

1
< [K[]fllp < oo
where |K] is the Lebesgue measure of K, which is finite and we used

1 1
—+-=1
b q

Example 5. If f, g € L1(Q), then h = f x g € L}(Q).

Proof. We use

hit) = /Q it - s)gls)ds
and so

()] < /R 1t — s)llg(s)|ds

/Qih(t)ldtg /Q</Q|f(l‘—s)||g(s)|ds> dt
- /Q </Q £t —s)llg(s)ldt> ds

using Fubini theorem with non negative integrands

_ /ng(sﬂ </Q|f(t/)|dt/> ds

= llglslfl

and

So we can define
(fxg,¢)=(h o)

as h € L'. (Note, we sometimes write (f, ®) = Tf(¢p) ) In fact, regarding f, g as elements of &Y (R)
(f.g are Ty, Ty)

(f g, g) = ]Q [Q flt)g(s)gls + t)dt ds
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defineds a evaluation mapﬂ
and it defines a distribution € H(R) becomes

(f*g,9)]

//lf Nlg(s)||els + t)|dtds
([ [ionatsiaras ) il

I l1llglltliello
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So C = |f|1]lg]l1+ holds for any compact set K for which spt(¢) C K.

@ —(f*g, )

and it defines a distribution € 9D(R) becomes

I(f xg,9)]

_//IJ‘ Nlg(s)ligls + t) dtds
([ [ raiigtsiacds) 1ol

Iflitllglsliello
So C = |f|1]lg]l1 holds for any compact set K for which spt(¢p) C K. O
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Similarly, if g is a Borel measure on <, or if u is a positive measure on Q with p(K) < oo for
every compact set K C @, the equation

Aulg) = /Q gdy  ¢cDQ) (37)

defines a definition A, in €2, which is usually identified with p.
Let Ty be defined as , where f is locally integrable. Let a be a multi-index. We define the
a-th derivative of Ty by

(D*Ty)(p) = (=1)*T;(D%) ¢ € D) (38)
defines a linear functional D*T on D(Q). If
To| < Cllolly
for all ¢ € Pk, then
((DTy)g| < |TyDp| < C[D%[loCll¢]]jaf

Why is the natural way to define D*Ty. Roughly speaking it follows from the integration by
parts formula. Nevertheless, let us give some intuition. Suppose f and g are two differentiable

functions, then
/ f'g = - / fg' (3.9)
K K

1n functional analysis, this is e, f = f(x)



assuming g has compact support contained in K. Perhaps it is easier to think of the one dimen-
sional case. We know

b b
] flx)gle) dx = [flx)gl)l} - ] flx)g'(x) dx (3.10)

However, if f and g both hit zero at x = a and x = b, then we obtain

b b
/ flx)glx)dx = — / flx)g’(x)dx

This is the same as . The idea here if that, if f and g are zero on the boundary of the region
of integration, which is exactly what happens in this case where they have compact support, then
the first term on the right hand side of will equal zero. This explains (3.9).

In general if we integrate by parts |a| times, we will have

[K (Df)g = (~1)¢ /K fD%g

Why does this matter? Notice that the function f which defines our distribution Ty is simply any
locally integrable function. We never claimed that it was differentiable. But rather say that it is
|a| times differentiable.

What we want to do is to define the derivative of the distribution Ty. Since Ty(p) = [ fo we
ought to define the derivative of Tf, that is DTy based on the rule

DTy = / (D)

The problem is that D*f may not exist, since we have not assumed that f is differentiable. But,
D%p always exists, since the test function is infinite differentiable (¢ € C*°). The integration by
parts formula tells us that if D*f exists and ¢ has compact support, then

[ Do igta)dx = (-1)°l [ gD 511)
K K
Hence it is logical to define the derivative of a distribution T according to the rule

(D*Ty)(g) = (=1)I Ty (D)

Now define Lfoc to be the space of locally integrable functions in €2 so that for any compact subset
K CQ, [, |f(t)dt < co.

We know that if f € L. (Q), then Ty is a distribution, and its derivative is defined by . It
is natural to extend the definition to a more general distribution. For any general distribution
T € @' one defines

(DT)(¢g) = (—1)IT(D*¢)

3.4. Applications. For concreteness, Let a = 1. There are three types of Distributions one may
concern with. Namely,

(i) 9'(R) test space D(R) = C;°(R).
(ii) S'(R) test space S(R)
(iii) &'(R) test space &(R) = C™(R).

Here we stick with (i) in the list. For those who are interested in working with Fourier Transform,
use (ii). For Laplace transform, use (iii) but replace R with R*.
From our earlier discussion we know that A € 9'(R) if

e A is linear on D(R)



e For any compact subset K of R, there is a constant ¢ > 0 and integer N > 0 so that when
@ € D(R) with spt(g) C K,

(Alg)| < Cllolln (3.12)

Now we need some definitions.
e L'(R). We say that f € L'(R) if f is Lebesque measurable and

Il =/va<x>1dr<oo

e For p > 1, LP(R). We say that f € LP(R) if f is Lebesgue measurable on R and

Hmp=<ﬂgﬂﬂW¢Q”p<aa

e If p = 0o, L®(R) are the essentially bounded functions on R. We say that f € L>®(R) if
there is M > 0 so that the Lebesgue measure of the set

{x e R|f(x) > M}

is zero.
° LliOC (R). We say that f LfOC(R) if f is Lebesgue measurable and for each compact subset

K of R
/vmwx<m
K

Remark. For 1 < p < oo, LP(R) C L (R)

For each f € LEOC(R) one can associate a distribution A = Ty defined by

AM=EM=AHWMM (3.13)

for ¢ € D(R). Now, (3.13) defines a distribution if K C R is compact and spt(¢g) C K then

IEWHS<AJﬂMdOQWHM¢uH
S0 C = [, [fit)]dt < 0o, N = 0.

Remark. 1. If f is continuous differentiable then f' € L{ (R) and

ﬂ@%i/f (f)dt, ¢ € DR)

=—/ﬂMMMt
R

In fact, using our earlier argument, in fact, if spt(¢) C [a, b] then

Ty (g / f(t

This motivates

/f fdt =0 - /f t=—émwmm

DAlg) = =Al¢'), ¢ < DR)
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as the derivative of a distribution. If A satisfies (3.12), then
[DA(g)| = [Al¢)] < Cllolln-1
for ¢ with spt(¢) C K. So DA € D(R) where A € 9'(R)
Here are some more examples.

Example 6. Let f(t) = 0 for t < 0 and f(t) = t for t > 0. Then f is continuous on R, f € L. (R)
but f ¢ LP(R) for any 1 < p < co. We can define A = Ty and

Alg) = [O Cteltydt  gc DR
then
DA(p) = —A(¢')

and if ¢(t) = 0 for t > b, then

DA(¢g)

Il
|
%
[on

~
e\
=
Q
~

I
0
~
S
=
So
+
%
(o
S
=
Q,
~~

where

H(t) = 0, %ft<0
1, ift>0

the heavyside function. Of course H € L{ (R) but H € L®(R) but not H € LP(R) for 1 < p < co.

I

D*Alg) = ~DAl¢)

_/Ooo @'(t)dt
—/Ob o1t dt

= [=(t)]§ = 9(0) = o(e)

where & is the dirac delta function, that is DT’ r = & in 9'(R). We can also define DSy = D3Tf

Déolg) = —¢'(0)
8

I

assuming ¢(t) = 0 for t > b
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Example 7. All A € D(R) roughly arise in the same way. Recall Theorem 6.26 (Rudin) that, for
any compact set K C R, there exists a continuous function f on R and some integer k > 0 so that

Mg) = (-1F [ flp™ et (514)
R
for all ¢ € D(R) and spt(p) C K. It follows from this that (See theorem 6.28 Rudin) If A € 9'(R),
there exists continuous functions q4, qo, - - - and nonnegative integers ky, ko, - -- so that
A=) DRT, (3.15)
i=1

and for any compact set K C R, only a finite number of g; are non-zero on K.
Moreover, if A has finite order if the choice of N in (3.12) does not depend on K. In that case
a finite number of g1, go, - - - are needed in (3.15)

Our earlier example shows

8o = DTy
0, ift<0
) =
flo {t, it t <0

illustrates this.
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